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Abstract. Certain predictions of quantum theory are not compatible with the notion
of local-realism. This was the content of Bell’s famous theorem of the year 1964.
Bell proved this with the help of an inequality, famously known as Bell’s inequality.
The alternative proofs of Bell’s theorem without using Bell’s inequality are known as
‘nonlocality without inequality (NLWI)’ proofs. We, review one such proof, namely
the Hardy’s proof which due to its simplicity and generality has been considered the
best version of Bell’s theorem.
1. Introduction
Many of the current methods and developments in quantum information processing
have grown out of a long struggle of physicists with the foundations of quantum theory.
One of the most significant example is the famous consideration by Einstein, Podolsky
and Rosen [1] on reality, locality and completeness of a physical theory. The standard
Quantum Theory is essentially a statistical theory. It gives accurate predictions for
statistical distributions of outcomes obtained in a real experiment. However, it does not
tell which outcome will be observed in a particular measurement-experiment unless the
state undergoing the measurement is an eigenstate of the observable being measured.
Interestingly, it also does not disallow for a finer theory where the outcome of an
individual measurement may be determined by some variables outside the domain of
definition of quantum theory. The statistical distributions of quantum theory would
then be averages over these hidden variables. Such Hidden variable models indeed exist
[2]. However, as shown by Bell in 1964 [3], there exist correlations in nature, to explain
which, such models are bound to be nonlocal (in the sense that such models must have
a mechanism whereby the setting of one measuring device can influence the reading of
another device howsoever remote). This incompatibility of quantum phenomena with
the dual assumptions of locality and reality (determinism) is known as Bell’s theorem.
Bell proved this theorem by means of an inequality; famously known as Bell’s inequality.
But, Bell’s inequality is not the only way to prove Bell’s theorem. The alternative
proofs of Bell’s theorem without using Bell’s inequalities are called ‘nonlocality without
inequality (NLWI) proofs’. Unlike the case of Bell’s inequality where we collect statistics
2of many events, in these proofs the focus is on a single event whose occurrence shows
the incompatibility of quantum theory with the notion of local-realism. The first such
proof is due to Greenberger, Horne and Zeilinger [4]. In their argument, they used
correlations of a state of four spin- 1/2 particles: 1√
2
[|0000〉 − |1111〉] and remarked
that this argument also holds for the three-qubit analog of the above state, namely for
1√
2
[|000〉−|111〉]. Although their proof is direct, it requires at least an eight-dimensional
Hilbert space. In 1992, Hardy [5] gave a proof of Bell’s theorem (without inequality)
which like Bell’s proof, requires only two qubits. The Hardy’s argument of “nonlocality
without inequiality” has been considered to be the “best version of Bell’s theorem”[6].
Recent years have witnessed considerable amount of interest in Hardy’s and
Hardy-like nonlocality arguments. During these years, this argument has been
generalized for various systems ranging from two qudits, multiqubits and to systems
exhibiting temporal nonlocality. On one hand, it has been found to be useful
in understanding the relation between quantum theory and special relativity, while
on the other it has found applications in many information processing tasks like
cryptography, randomness certification, dimension witnessing. We briefly review all
these developments. Organization of the paper is as follows. In Sec.2, we briefly review
the ontological framework of an operational theory as this will subsequently be used
in Hardy’s nonlocality argument. Section 3 presents the Hardy’s nonlocality argument.
Section 4 deals with the two-qubit states exhibiting Hardy’s nonlocality followed by
extension of Hardy’s argument for two-qudit systems in Sec. 5. Hardy’s nonlocality in
the framework of generalized nonlocal theory has been described in Sec. 6; Sec. 7 deals
with the various generalizations of this argument in mutipartite scenarios. In Sec. 8, we
describe the role of Hardy’s nonlocality in some information theoretical tasks. Section
9 deals with Hardy-like argument for temporal nonlocality and Sec. 10 concludes.
2. Ontological model of an operational theory
We, in the following, briefly describe the ontological framework of an operational theory
(for details of this framework, we refer to [7, 8]), as we will use it subsequently in the
Hardy’s nonlocality argument.
Quantum Theory is example of an operational theory. The goal of an operational
theory is merely to specify the probabilities p(k|M,P, T ) of different outcomes k ∈ KM
that may result from a measurement procedure M ∈M given a particular preparation
procedure P ∈ P, and a particular transformation procedure T ∈ T ; where M, P
and T respectively denote the sets of measurement procedures, preparation procedures
and transformation procedures; KM denotes the set of measurement results for the
measurement M.
Whereas an operational theory does not tell anything about physical state of the
system, in an ontological model of an operational theory, the primitives of description
are the actual state of affairs of the system. A preparation procedure is assumed to
prepare a system with certain properties and a measurement procedure is assumed to
3reveal something about those properties. A complete specification of the properties of
a system is referred to as the ontic state of that system. In an ontological model for
quantum theory, a particular preparation method Pψ which prepares the quantum state
|ψ〉, actually puts the system into some ontic state λ ∈ Λ, Λ denotes the ontic state space.
An observer who knows the preparation Pψ may nonetheless have incomplete knowledge
of λ. Thus, in general, an ontological model associates a probability distribution p(λ|Pψ)
with preparation Pψ of |ψ〉. p(λ|Pψ) is called the epistemic state as it encodes observer’s
epistemic ignorance about the state of the system. It must satisfy∫
Λ
p(λ|Pψ)dλ = 1 ∀ |ψ〉 and Pψ. (1)
Similarly, the model may be such that the ontic state λ determines only the probability
ξ(k|λ,M), of different outcomes k for the measurement method M . However, in a
deterministic model ξ(k|λ,M) ∈ {0, 1}. The response functions ξ(k|λ,M) ∈ [0, 1],
should satisfy ∑
k∈KM
ξ(k|λ,M) = 1 ∀ λ, M. (2)
Thus, in the ontological model, the probability p(k|M,P ) is specified as
p(k|M,P ) =
∫
Λ
ξ(k|M,λ)p(λ|P )dλ. (3)
As the model is required to reproduce the observed probabilities (quantum predictions)
hence the following must also be satisfied∫
Λ
ξ(φ|M,λ)p(λ|Pψ)dλ = |〈φ|ψ〉|2. (4)
The transformation processes T are represented by stochastic maps from ontic
states to ontic states. T (λ′|λ) represents the probability distribution over subsequent
ontic states given that the earlier ontic state one started with was λ.
2.1. The Hardy’s scenario
A typical Hardy’s experiment involves two spatially separated observers, Alice and
Bob, who share a physical system consisting of two subsystems. They can perform
measurements on the subsystems in their possessions and collect statistics to calculate
the joint probabilities p(a, b|A,B, P ). Here A and B denote the observables chosen
respectively by Alice and Bob; a and b are the corresponding outcomes. Each pair of
subsystems is prepared by an agreed-upon reproducible procedure P (which in quantum
theory is represented by quantum state for the pair of subsystems).
As described earlier, an ontological model for this experiment consists of the ontic
variables λ belonging to the ontic state space Λ, a probability distribution p(λ|P ) for
the preparation procedure P and the conditional probability p(a, b|A,B, P, λ). The
prediction for the observed joint probability by this model (given in the LHS of the
equation below) must match with the observed probability, i.e.,∫
Λ
p(a, b|A,B, P, λ)p(λ|P ) dλ = Prob(a, b|A,B, P ). (5)
4The Integrand of the above equation, by Baye’s theorem, can be rewritten as
p(a, b|A,B, P, λ) = p(a|A,B, P, λ) p(b|A, a, B, P, λ). (6)
An ontological model is said to be deterministic iff p(a, b|A,B, P, λ) ∈ {0, 1} ∀a, b, A,B
[9]. This implies that the outcome of Bob’s measurement (and similarly also of Alice’s
measurement) is determined by A, B, P and λ only. Thus, for a deterministic ontological
model
p(b|A, a, B, P, λ) = p(b|A,B, P, λ). (7)
A model is said to satisfy locality iff
p(a|A,B, P, λ) = p(a|A, P, λ) ∀ a, A,B,
p(b|A,B, P, λ) = p(b|B,P, λ) ∀ b, A,B. (8)
Using Eqs. (7) and (8) in Eq. (6), we get
p(a, b|A,B, P, λ) = p(a|A, P, λ)p(b|B,P, λ). (9)
Thus in a local-deterministic model, Eq. (5), takes the following form
Prob(a, b|A,B, P ) =
∫
Λ
p(a|A, P, λ) p(b|B,P, λ)p(λ|P ) dλ. (10)
3. The Hardy’s nonlocality argument
Consider a physical system consisting of two subsystems shared between Alice and
Bob. The two observers (Alice and Bob) have access to one subsystem each. For each
pair of subsystems, the choices of observables and their respective outcomes occur in
regions which are space-like separated from each other. Assume that Alice can run the
experiments of measuring any one (chosen freely) of the two {+1,−1}-valued random
variables A and A
′
corresponding to her subsystem whereas Bob can run the experiments
of measuring any one (chosen freely) of the two {+1,−1}-valued random variables B and
B
′
corresponding to the subsystem in his possession. The two subsystems undergoing
measurement are prepared by an agreed-upon reproducible procedure P .
Consider now the following four conditions:
Prob(+1,+1|A, B, P ) > 0, (11)
Prob(−1,+1|A′, B, P ) = 0, (12)
Prob(+1,−1|A, B′, P ) = 0, (13)
Prob(+1,+1|A′, B′, P ) = 0. (14)
The above four conditions together form the basis of Hardy’s nonlocality argument.
The first condition says that in an experiment in which Alice chooses to measure the
observable A and Bob chooses the observable B, the probability that both will get +1
as measurement outcomes is nonzero. Other conditions can be analyzed similarly. The
Hardy’s nonlocality argument makes use of the fact that these four conditions cannot
be fulfilled simultaneously in the framework of a local-realistic theory, but they can be
5in quantum mechanics. To see this, we start with Eq.(11). By using Eq.(10) in the first
Hardy condition (Ineq.(11)), we notice that in a local-realistic theory, this condition will
get satisfied if ∫
Λ
p(+1|A, P, λ) p(+1|B,P, λ)p(λ|P ) dλ > 0. (15)
This implies the existence of a subset Λ′ of the ontic state space Λ in which
p(+1|A, P, λ) > 0 and p(+1|B,P, λ) > 0. Use of Eq.(10) in Eq.(12)
says that for the local-realistic model to satisfy the second Hardy’s condition,
p(−1|A′, P, λ) p(+1|B,P, λ) = 0 for all λ ∈ Λ. However, for λ ∈ Λ′, this condition
implies p(−1|A′ , P, λ) = 0 or equivalently for these λ’s, p(+1|A′, P, λ) = 1. Similar
reasoning for the third Hardy’s condition provides p(+1|B′, P, λ) = 1 for λ ∈ Λ′. Thus
a local-realistic model will predict for the last probability in the Hardy’s condition
(Eq.14) as:
Prob(+1,+1|A′, B′, P ) =
∫
Λ
p(+1|A′, P, λ) p(+1|B′, P, λ)p(λP ) dλ
≥
∫
Λ′
p(+1|A′, P, λ) p(+1|B′, P, λ)p(λ|P ) dλ
=
∫
Λ′
p(λ|P ) dλ > 0. (16)
However, there are quantum states which satisfy these conditions. In fact, almost all
pure entangled states of two-qubits satisfy these conditions (maximally entangled states
are the exceptions) [10, 11, 12]. The nonzero probability appearing in the argument
(say q) is called the success probability of this argument as this is equal to the fraction
of runs in which quantum predictions contradicts the reasoning based on local-realism.
4. Hardy nonlocality for two-qubits
4.1. Every pure nonmaximally entangled state of two-qubits exhibits Hardy’s nonlocality
To see this, we first notice that any pure nonmaximally entangled state |ψ〉† of two
spin-1/2 particles can be written as [11]
|ψ〉 = a|v1〉 ⊗ |v2〉+ b|u1〉 ⊗ |v2〉+ c|v1〉 ⊗ |u2〉 (abc 6= 0) (17)
for a proper choice of orthonormal basis {|ui〉, |vi〉} for i-th particle, i = 1, 2; |u1〉, |u2〉
need not bear any relationship with each other.
It can easily be checked that the above state (17) will satisfy all the four Hardy’s
conditions (11)-(14) for the following choice of observables:
A = |w⊥1 〉〈w⊥1 | − |w1〉〈w1|,
A′ = |u1〉〈u1| − |v1〉〈v1|,
B = |w⊥2 〉〈w⊥2 | − |w2〉〈w2|,
B′ = |u2〉〈u2| − |v2〉〈v2| (18)
† A pure entangled state |ψ〉 of two-qubits is said to be maximally entangled if the reduced density
6where
|w1〉 = a|v1〉+ b|u1〉√|a|2 + |b|2 ,
|w2〉 = a|v2〉+ c|u2〉√|a|2 + |c|2 . (19)
4.2. Maximally entangled state and product states of two-qubits do not exhibit Hardy’s
nonlocality
A maximally entangled state of two-qubits shared between two parties Alice and Bob
can be written as |φ〉AB = 1√2 (|u〉A ⊗ |u〉B + |v〉A ⊗ |v〉B) (where {|ui〉, |vi〉} are the
orthonormal bases for i-th particle, i = A,B). The state |φ〉AB will be said to exhibit
Hardy’s nonlocality, if there exists a set of observables A and A′ for Alice and a set
B and B′ for Bob, such that all the four Hardy’s conditions (11)-(14) are satisfied
simultaneously. The most general observables on Alice’s and Bob’s side can be written
as
A = |w1〉〈w1| − |w⊥1 〉〈w⊥1 |,
A′ = |w′1〉〈w′1| − |w′1⊥〉〈w′1⊥|,
B = |w2〉〈w2| − |w⊥2 〉〈w⊥2 |,
B′ = |w′2〉〈w′2| − |w′2⊥〉〈w′2⊥|
(20)
where
|w1〉 = a|u〉A + b|v〉A√|a|2 + |b|2 ,
|w′1〉 =
c|u〉A + d|v〉A√|c|2 + |d|2 ,
.|w2〉 = e|u〉B + f |v〉B√|e|2 + |f |2 ,
|w′1〉 =
g|u〉B + h|v〉B√|g|2 + |h|2 (21)
and 〈w1|w⊥1 〉 = 〈w2|w⊥2 〉 = 〈w′1|w′1⊥〉 = 〈w′2|w′2⊥〉 = 0. For the satisfaction of the last
three Hardy’s condition [Eq. (12)-Eq.(14 )] , the following should hold
〈φAB|w′1⊥w2〉 = 0 ⇒ ed∗ = c∗f, (22)
〈φAB|w1w′2⊥〉 = 0⇒ ah∗ = bg∗, (23)
〈φAB|w′1w′2〉 = 0 ⇒ cg = −hd, (24)
where |w′1w′2〉 represents |w′1〉⊗|w′2〉 and so on ; h∗g∗, c∗, d∗ denote the complex conjugates
of h, g, c and d respectively. By multiplying Eqs. (22) and (22) and then using Eq. (24),
matrices corresponding to each particle is proportional to the identity matrix I in two dimension.
7we get
c∗g∗(bf + ae) = 0. (25)
As the observables A and A′ are noncommuting; B and B’ also do not commute , hence
c∗g∗ 6= 0 and so bf + ae = 0 . But, this renders the last Hardy probability (11),
Prob(+1,+1|A, B, P ) = |〈φAB|w1w2〉|2 = |bf +ae|2 equal to zero. Thus, no maximally
entangled state of two-qubits can satisfy all the Hardy’s conditions. A similar logic can
be applied to show that product states also do not exhibit this nonlocality.
4.3. No mixed entangled state of two-qubits exhibits Hardy’s nonlocality
We have seen in earlier paragraphs that almost all pure entangled state of two-qubits
can exhibit Hardy’s nonlocality for suitably chosen observables. The choice of such a
set of observables is not unique for a given entangled state. This was shown by Jorden
in [12]. He showed that for a particular entangled state, there are many choices of set
of observables which satisfy Hardy’s nonlocality conditions. In [12], it has also been
shown that for any choice of two different measurement possibilities for each particle,
a state can be found that satisfies all the Hardy’s conditions. Interestingly, this state
was shown to be unique for a system of two-qubits [13]. In [13], Kar showed that for
a system of two spin-1/2 particles and for four arbitrary spin observables, two for each
and noncommuting ‡, there exists a unique state satisfying all the Hardy’s condition,
i.e., no mixed state of such a system can exhibit Hardy’s nonlocality §
To see this we write the observables involved in Hardy’s argument Eqs.(11)-(14) as
follows
A = |a1〉〈a1| − |a⊥1 〉〈a⊥1 |,
A′ = |a′1〉〈a′1| − |a′1⊥〉〈a′1⊥|,
B = |b1〉〈b1| − |b⊥1 〉〈b⊥1 |,
B′ = |b′1〉〈b′1| − |b′1⊥〉〈b′1⊥|. (26)
A state vector which satisfy all the Hardy’s condition must be orthogonal to the vectors
|φ1〉 = |a′1⊥〉 ⊗ |b1〉, |φ2〉 = |a1〉 ⊗ |b′1⊥〉 and |φ3〉 = |a′1〉 ⊗ |b′1〉 and nonorthogonal to
|φ4〉 = |a1〉⊗|b1〉. As A does not commute with A′ and B and B′ are also noncommuting,
hence the above four vectors are linearly independent and spans the four dimensional
Hilbert space associated with the system. The vector which is orthogonal to the three-
dimensional subspace generated by the first three vectors is unique therefore and this
vector is also nonorthogonal to the last vector. Hence, we conclude that for any choice
of a set of four spin observables of above mentioned type, there exists only one state
satisfying the Hardy’s condition and therefore no mixed state of two spin-1/2 particles
exhibit Hardy’s nonlocality.
‡ It can easily be noticed that for running the Hardy’s argument, the two observables on Alice’s side
should not commute and similarly similarly the observables on Bob’s side should also be noncommuting
§ This is in contrast with Bell’s nonlocality which some mixed state of two-qubits exhibit by violating it.
84.4. The maximum Hardy’s probability
We have seen in the previous paragraphs that in case of two-qubits systems
only nonmaximally entangled states exhibits Hardy’s nonlocality for suitably chosen
observables. The canonical form of such states and the set of observables for which they
can exhibit Hardy’s nonlocality are given in section (4.1). From equations (17), (18)
and (19), the nonzero Hardy’s probability (11) becomes
Prob(+1,+1|A, B) = |〈ψ|w⊥1 〉 ⊗ |w⊥2 〉|2
=
|a|2|b|2|c|2
(|a|2 + |b|2)(|a|2 + |c|2) . (27)
The maximum of this function can easily be calculated by using the relation |a|2+ |b|2|+
|c|2 = 1 and noting that abc 6= 0. The maximum comes out to be equal to 5
√
5−11
2
for
|b| = |c| =
√
3−√5
2
.
5. Hardy’s nonlocality for two-qudits
The Hardy’s conditions for bipartite higher dimensional systems were first generalized
by Clifton and Niemann [14] which was later put in its minimal form by Kunkri and
Choudhary in [15]. The minimal form has been further studied in [16, 17]. The
maximum probability of nonlocal events has been found to remain the same irrespective
of the dimension of local subsystems. Recently, Cabello [18] has introduced another
generalization of Hardy’s conditions. The probability of nonlocal events for two-qudit
systems grows with the dimension of the local systems in this generalization. In the
following, we briefly review all these developments.
5.1. The generalization of Cliffton and Niemann
Hardy’s argument was generalized for two spin–s(s = 1
2
, 1, 3
2
.......) particles by Clifton
and Niemann[14]. Consider two spin-s particles A and B which are far separated from
each other and possessed respectively by two observers Alice and Bob. Let Sa and
Sa′ represent spin component of particle A along the directions aˆ and aˆ′ respectively.
Similarly Sb and Sb′ represent spin component of particle B along the directions bˆ and
bˆ′. The values of each of the components Sa, Sb, Sa′ , Sb′ runs from −s to +s in step of
one. Consider now the following set of equations:
Prob(Sa = Sb = s) = 0,
Prob(Sa + Sb′ ≥ 0) = 1,
Prob(Sa′ + Sb ≥ 0) = 1,
Prob(Sa′ = Sb′ = −s) = q,


(with q > 0). (28)
It can be checked that the set of above four equations are incompatible with the notion
of local-realism. The last equation of the above set implies that (i) there is a non-zero
probability (which is q here) of simultaneous occurrence of Sa′ = −s and Sb′ = −s.
This will then imply that (according to classical probability theory) (ii) if Alice chooses
9to perform the measurement of Sa′ , there will be a non-zero probability (which should
be at least q) of getting the value −s, and similarly, (iii) if Bob chooses to perform
the measurement of Sb′, there will be a non-zero probability (which should be at least
q) of getting the value −s. Now the third condition in equation (28) implies that if
Alice chooses for the measurement of Sa′ and Bob chooses for Sb, he is bound to get the
value s whenever Alice gets the value −s (which Alice can indeed get with a non-zero
probability, according to (ii)). Similarly the 2nd condition in equation (28) implies that
if Alice chooses to measure Sa and Bob chooses to perform Sb′, she is bound to get the
value s whenever Bob gets the value −s (which Bob can indeed get with a non-zero
probability, according to (ii)). So Sa = s is a ‘reality’ of Sa while Sb = s is also a
‘reality’ of Sb, according to EPR[1]. Now, invoking ‘locality’, Sa = s and Sb = s is a
joint ‘reality’ of the composite system. And, according to condition (i) (again, using
classical probability arguments), the joint probability of occurrence of Sa = Sb = s
must be at least q. This contradicts the first condition of equation (28). However, as
shown in [14], for a given choice of observables, there is always a quantum state which
satisfies the above set of equations. Later, using the above argument, Ghosh and Kar
[19] showed that for any two spin-s (s = 1, 3
2
, 2.......) particles and for two measurement
possibilities for each of them, there are infinitely many states exhibiting this type of
nonlocality. Hence there are mixed states of two spin-s (s ≥ 1) particles which would
exhibit this type of nonlocality. This is in contrast to the qubit case where no two-qubit
mixed state exhibits Hardy’s nonlocality.
5.2. Hardy’s conditions in minimal form
A closer look of the nonlocality conditions given above reveals that these conditions
include some equations which play no role in establishing the nonlocality for quantum
states. To make this more explicit, we first consider a system of two spin-1 particles.
For such a system the above equations can be written as
Prob(Sa = +1, Sb = +1) = 0, (29)
Prob(Sa = −1, Sb′ = −1) = 0, (30)
Prob(Sa = −1, Sb′ = 0) = 0, (31)
Prob(Sa = 0, Sb′ = −1) = 0, (32)
Prob(Sa′ = −1, Sb = −1) = 0, (33)
Prob(Sa′ = −1, Sb = 0) = 0, (34)
Prob(Sa′ = 0, Sb = −1) = 0, (35)
Prob(Sa′ = −1, Sb′ = −1) = q. (36)
For showing the incompatibility of the above equations with the notion of local-
realism, we start with equation (36). This equation tells that if there is an underlying
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local-realistic theory then there are some ontic states for which Sa′ = −1, Sb′ = −1.
Now, for these states, equations (30) and (32) tell us that Sa = +1. Similarly for these
states, Sb = +1 according to equations(33) and (34). So, Prob(Sa = +1, Sb = +1)
should have been non-zero but this contradicts equation(29).
It is noteworthy here that in order to run the nonlocality argument for s = 1,
we have not used equations (31) and (35) . So these equations are redundant and are
unnecessarily restricting the set of states exhibiting this type of non-locality.‖
These restrictions have been taken care of in [15], where for a system of two d level
particles, the Hardy’s conditions have been generalized as follows:
Prob(A1, a1 ; B1, b1) = 0,
Prob(A1,¬a1 ; B2, b2) = 0,
Prob(A2, a2 ; B1,¬b1) = 0,
Prob(A2, a2 ; B2, b2) = p(> 0).
(37)
It can be easily seen [15] that in a situation where a two d-level physical system is shared
between two far separated observers Alice and Bob having access to one subsystem each
and where the observers Alice and Bob can choose to measure one of the two observables
A1 or A2 and B1 or B2 on their relative subsystems, the above four conditions ¶
cannot be satisfied simultaneously by a local-realistic reasoning. However, they can
be in quantum mechanics. As usual, the nonzero probability p appearing above is the
success probability of this argument in showing nonlocal features of quantum states.
5.3. Maximum probability of nonlocal events
This form of Hardy’s argument has been further studied by Seshadreesan and Ghosh
in [16]. They have shown that for a system of two spin-1 particles, the maximum of
nonzero Hardy probability, i.e., pmax is the same as for the case of two spin-1/2 particles,
i.e., pmax =
5
√
5−11
2
and conjectured that the maximum remains the same for the system
of two spin-s particles. In an interesting development, this conjecture has been proved
by Rabelo, Zhi and Scarani in [17]. They have proved that pmax =
5
√
5−11
2
irrespective
of the dimension and the type of the system. Thus, 5
√
5−11
2
can be thought of as an
analogue of Tsirelson’s bound [20] for Hardy’s test of nonlocality. In the following, we
briefly outline the proof presented in [17].
The joint probabilities appearing in the nonlocality argument (37) takes the
following form in quantum theory
Prob(Ak, ak ; Bl, bl) = Tr(ρ Πak,Ak ⊗ Πbl,Bl) (38)
‖ The states exhibiting the non-locality need not be orthogonal to the projectors P [|Sa = −1, Sb′ = 0〉]
and P [|Sa′ = 0, Sb = −1〉] appearing in (31) and (35). These need to be orthogonal only to the
projectors P [|Sa = +1, Sb = +1〉], P [|Sa = −1, Sb′ = −1, 〉], P [|Sa = 0, Sb′ = −1〉],P [|Sa′ = −1, Sb =
−1〉]and P [|Sa′ = −1, Sb = 0〉].
¶ The first condition says that if Alice chooses to measure the observableA1 and Bob chooses observable
B1, he will not obtain b1 as measurement result whenever Alice has detected the measurement value
a1. The remaining equations can be analyzed in a similar manner (¬ai denotes a measurement with
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where ρ is the state of the system associated with an arbitrary Hilbert space HA⊗HB;
Πak ,Ak and Πbl,Bl are the measurement operators corresponding to the outcomes ak and
bl of measurements Ak and Bl respectively. The measurements can be the most general
quantum measurement represented by the POVM elements. However, as here the di-
mension of the Hilbert space is not constrained, hence measurements can be assumed to
be projective by Neumark’s theorem [21] [22]. The proof then uses the following lemma,
proven in [23]:
Lemma 1: Let Πa1,A1 , Π¬a1,A1,Πa2,A2 , Π¬a2,A2 be the four projectors acting on a Hilbert
space H such that Πa1,A1 + Π¬a1,A1 = I and Πa2,A2 + Π¬a2,A2 = I then there exists an
orthonormal basis in H in which the four projectors are simultaneously block diagonal
and the subspace Hi of H corresponding to the ith block is at most two dimensional.
The assumptions that Π’s appearing in Eq. (38) are projectors and noticing that
the above lemma is also valid in Bob’s side, Eq. (38) can be rewritten as
prob(Ak, a ; Bl, bl) = Tr(ρ Πak,Ak ⊗ Πbl,Bl)
=
∑
i,j
qijTr(ρij Π
i
ak,Ak ⊗ Πjbl,Bl)
≡
∑
i,j
qijpij(Ak, ak ; Bl, bl) (39)
where qij = Tr(ρ Π
i ⊗Πj) and ρij = (Π
i⊗Πjρ Πi⊗Πj)
qij
is at most a two-qubit state; Πi and
Πj denote the projectors onto HiA and HjB respectively. Since qij ≥ 0 for all i, j and∑
ij qij = 1, the first three conditions of (Eq.37) are satisfied iff they are also satisfied
for each of the pij. But then
prob(A2, a2 ;B2, b2) =
∑
ij
qijpij(A2, a2 ;B2, b2) (40)
is a convex sum of nonzero Hardy’s probabilities in each two-qubit subspaces. As a
convex sum it is less than or equal to the largest element in the combination whose
maximum value is known to be 5
√
5−11
2
(section 4.4). This concludes the proof.
Recently, there has been an yet another type of generalization of Hardy’s conditions
for bipartite higher dimensional system [18] where probability of nonlocal events
(maximum probability of success) grows with the dimension of the local systems and
reaches approximately 40% in the infinite limit. The fact that the success probability
of this generalization of Hardy’s argument increases with the dimension of local system
has made it useful in witnessing the minimum Schmidt rank of an unknown state in a
device-independent manner [24], i.e., without knowing the details of the experimental
devices involved in such experiments.
6. Hardy’s nonlocality and generalized nonlocal theory
Though quantum theory predicts nonlocal correlations, but this cannot be used to to
communicate with a speed greater than that of the light in vacuum. But quantum
any result other than ai and similarly ¬bj denotes a measurement with any result other than bj)
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theory is not the only non-local theory consistent with the relativistic causality [?].
Theories which predict non-local correlations but are constrained with the no signalling
condition are called Generalized non-local theory (GNLT). In recent years there has been
considerable amount of interest in GNLT [25, 17, 27, 28, 29, 30, 31]. In general, quantum
theory has been studied in the background of classical theory which is comparatively
restrictive. The new idea is to study quantum mechanics from outside,i.e., starting
from this more general family of theories, and to study properties common to all [31].
This might help in a better understanding of quantum nonlocality. The Hardys non-
locality argument in the framework of GNLT has been studied in [32, 33]. It has been
shown there that for a two-level system, the maximum of Hardy’s probability can be
increased upto 0.5 in a GNLT. Similar is the case with Bell’s nonlocality argument.
The maximum violation of Bell’s inequality for bipartite systems in quantum mechanics
is known to be 2
√
2 (the Tsirelson’s bound), but it can go up to 4 without violating
the relativistic causality [34]. This restricted nonlocal feature of quantum correlation
has been explained by the principle of Information Causality [35] and also by the
principle of Macroscopic Locality [36]. Each of these principles separately explains
the Tsirelson bound, but none of them explains the maximum success probability of
Hardy’s argument. Ahanj et al. have shown that the principle of Information causality
can restrict the Hardy’s probability only up to 0.027 [37] whereas in case of macroscopic
locality this value has been found to be 0.2062 [38]. Thus, reproducing the quantum
value of Hardy’s probability with the help of some physical principle(s) remains open.
7. Hardy type nonlocality argument for multiparty
The original logical structure of Hardy was extended to reveal the nonlocal feature
of entangled states of three spin-1/2 particles [19, 39]. Consider a situation where
a physical system consisting of three two-level subsystems is distributed among three
spatially separated parties, Alice, Bob and Charlie. Each of these parties can randomly
choose between the two ±1-valued observables Uj and Dj (j=1,2,3 respectively for Alice,
Bob and Charlie). A local-realistic reasoning cannot justify the simultaneous satisfaction
of the following set of equations [19, 39]
Prob(D1 = +1,U2 = +1,U3 = +1) = 0,
Prob(U1 = +1,D2 = +1,U3 = +1) = 0,
Prob(U1 = +1,U2 = +1,D3 = +1) = 0,
Prob(D1 = −1,D2 = −1,D3 = −1) = 0,
Prob(U1 = +1,U2 = +1,U3 = +1) > 0,
(41)
However, there are entangled states of three qubit systems which satisfy these
conditions [39, 13, 19] and thus exhibit nonlocality. Interestingly, in sharp contrast
to bipartite cases, every maximally entangled state of three qubits + exhibits Hardy’s
non-locality and for each of these states, probability of success of Hardy’s argument
+ any pure state of three qubits, which is locally unitarily connected to the GHZ state 1√
2
[|000〉+ |111〉]
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can go maximum upto 12.5% [19]. In a subsequent development, 12.5% was identified
as the maximum success probability of this argument ∗ for three-qubit systems [33].
Reference [33] also studies this argument in the context of GNLT and finds that the
maximum probability reaches 50% which is surprisingly the same as that for two two-
level systems. We conclude this paragraph by stating that an argument similar to that
in section (4.3) will show that unlike the case of two-qubit systems, there can be mixed
states of three-qubits which admit Hardy-type nonlocality [13].
Can any pure entangled state of three qubits satisfy the Hardy-type conditions
(41)? This question was finally answered affirmatively in [41] succeeding the earlier
attempts made in [39, 19]. Now, from the set of joint probabilities in Hardy’s or
Hardy-like nonlocality without inequality argument, one can, in principle, construct
a linear inequality involving these joint probabilities by using local realistic assumption.
♯This inequality is automatically violated by every quantum state which satisfies the
corresponding NLWI argument. This fact has been used in showing, that every three-
qubit pure entangled state violates a single linear inequality involving joint probabilities
associated with the Hardy-type NLWI (41). This is significant as for three-qubit systems,
there is a family of entangled pure states, each of which satisfies all the Bell-type
inequalities involving correlation functions, arising out of measurement of one between
two noncommuting dichotomic observables per qubit [45]. Though, later, Chen et al.[46]
provided a Bell-type inequality involving joint probabilities, associated to measurement
of one between two noncommuting dichotomic observables per qubit, which is violated
by all the states of the above-mentioned family. But a single Bell-type inequality was
not guaranteed to be violated by all pure entangled states of three-qubits.
In [43], the Hardy’s argument has been extended to reveal the nonlocal features
of N spin-1/2 particles N > 3. The author of [43] has shown that for all N ≥ 3, any
entangled GHZ state (including the maximally entangled ones) violates the Bell type
inequality associated with the Hardy’s conditions. This feature is again significant since
it is known that for all N odd, there are entangled GHZ states that do not violate
any standard N-partite Bell inequality involving correlation functions [45]. Recently,
as a major development in the field of multipartite nonlocality, by using Hardy type
nonlocality without inequality argumentation, Yu et al.[47] have reported a single Bell-
type inequality with a choice of two dichotomic observables per party which any pure
entangled state of N -qubits violates. This result was then used to obtain a Gisin-like
theorem †† for N -qudit systems by locally projecting a pure entangled state of such a
system to the N -qubit subspace.
∗ maximized over every state and every set of observables
♯ In the case of Hardy NLWI argument for two two-level systems, this inequality (given in Eq. (11)
of Ref. [6], Eq. (11) of Ref. [42], and Eq. (26) of Ref. [43]) is nothing but the corresponding CH
inequality [44].
††Gisin’s theorem states that all pure entangled state of two-qudit systems (two-d dimensional quantum
systems) violate a single Bell-type (CHSH) inequality with two measurement settings per sites and thus
forbids local-realistic description for them [48]
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Though, the above generalizations of Hardy’s nonlocality argument for N-qubit
systems, witness entangled state but they do not differentiate between an entangled
state and a genuinely entangled state of such systems. By adding some more conditions
in the above generalization, a new set of conditions has been provided in [49] which can
be resolved only by a genuinely entangled sate of N -qubits (N ≥ 3). Moreover, for a
given measurement settings, a unique pure genuinely entangled state of such systems
(N -qubit systems) satisfies these conditions.
The structure of multipartite nonlocality is more complex than the bipartite case.
Recent years have witnessed considerable amount of studies in the field of multipartite
nonlocality. It all started when Svetlichny [50] introduced the notion of genuine
multipartite nonlocality. He also has provided a Bell-type inequality to detect genuine
tripartite nonlocality of a system of three qubits. Later, this inequality was generalized
to arbitrary number of parties [51]. This was further generalized to the most general
scenarios involving an arbitrary number of parties and systems of arbitrary dimension
[52]. However, Svetlichny’s notion of genuine multipartite nonlocality suffers from a
drawback. It does not exclude the probability distributions which can lead to signalling
between bipartition. This leads to unphysical situations [52] and inconsistency from
an operational point of view [53]. In [52, 54], this fact has been taken into account to
provide a new notion for genuine multipartite nonlocality. In a recent work, Chen et
al. [55] have introduced a set of Hardy-like conditions keeping in view this new notion
of genuine nonlocality. A state satisfying these conditions exhibits genuine multipartite
nonlocality. They have further shown that all pure entangled symmetric n-qubit (n ≥ 3)
states are genuine multipartite nonlocal. In the case of asymmetric states, they have
randomly chosen 50000 pure genuine multipartite entangled states for three and four
qubit systems of and found all of them to satisfy the Hardy-like conditions. Thus they
conjectured that all pure genuine multipartite entangled states are genuine multipartite
nonlocal which remains to be proved .
8. Hardy’s nonlocality and some information processing tasks
8.1. Hardy’s nonlocality and true randomness
We have seen previously that Hardy’s conditions are not compatible with the assumption
of local-realism. The assumption of local-realism is ontological in nature. In the
following, we show the incompatibility of Hardy’s condition with an operational set
of assumptions, namely the assumptions of predictability and no-signalling (also known
as signal locality). The assumption of signal locality prevents one to send signals faster
than light, predictability assumes that one can predict the outcomes of all possible
measurements to be performed on the system. In the context of typical Hardy’s test
described in section-2, we state below the two assumptions in precise mathematical
forms:
• A model is said to be predictable iff
p(a, b|A,B, P ) ∈ {0, 1} ∀ a, b, A,B. (42)
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• A model is said to satisfy signal locality iff
p(a|A,B, P ) = p(a|A, P ) ∀ a, A,B,
p(b|A,B, P ) = p(b|B,P ) ∀ b, A,B. (43)
As shown in [56] , the joint assumption of predictability and signal locality leads to the
factorizability relation of joint probability described in Eq. (9). The argument is as
follows. As p(a, b|A,B, P ) ∈ {0, 1} hence conditioning it on further variable(s) cannot
alter it, i.e.,
p(a, b|A,B, P, λ) = p(a, b|A,B, P ). (44)
Now according to Baye’s theorem
p(a, b|A,B, P ) = p(a|A,B, P )p(b|A, a, B, P ). (45)
The assumption of predictability implies that b = f(A,B, P ) (i.e., b is specified by
specifying A, B, and P ) and hence
p(b|A, a, B, P ) = p(b|A,B, P ). (46)
Putting for p(b|A, a, B, P ) from Eq. (46) into Eq. (45), we get
p(a, b|A,B, P ) = p(a|A,B, P )p(b|A,B, P ) (47)
which from the assumption of signal locality can be rewritten as
p(a, b|A,B, P ) = p(a|A, P )p(b|B,P ). (48)
Putting this into Eq. (44), we get
p(a, b|A,B, P, λ) = p(a|A, P )p(b|B,P ). (49)
By conditioning the RHS of the above equation on λ, we get the factorizability relation
of Eq.(9). The incompatibility of Hardy’s conditions with the joint assumptions of
predictability and no-siganlling can then be shown by arguing in the manner described in
section-3. This incompatibility of Hardy’s conditions with assumptions of predictability
and no-signalling thus imply that no predictable model can explain the satisfaction
ofl the Hardy’s conditions if the model does not allow signalling. As no-signalling is
in accordance with special relativity (and also experimentally testable in the present
context), hence we conclude that true randomness is associated with the phenomena
of satisfaction of Hardy’s conditions. This fact plays the key role in generation of true
random numbers by using Hardy’s argument.
8.2. Hardy’s nonlocality and self testing of entangled states
We have seen in section-4.4 that in case of two-qubit systems, the following specific state
and measurement settings achieves the maximum probability of success for the Hardy’s
argument
|ψ〉 = b(|u1〉 ⊗ |v2〉+ |v1〉 ⊗ |u2〉) + eiθ
√
1− 2b2|v1〉 ⊗ |v2〉,
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A′ = |u1〉〈u1| − |v1〉〈v1|;B′ = |u2〉〈u2| − |v2〉〈v2|,
A = |w⊥1 〉〈w⊥1 | − |w1〉〈w1|;B = |w⊥2 〉〈w⊥2 | − |w2〉〈w2|,
(50)
where
b =
√
3−√5
2
, |w1〉 = e
iθ
√
1− 2b2|v1〉+ b|u1〉√
1− b2 ,
|w2〉 = e
iθ
√
1− 2b2|v2〉+ b|u2〉√
1− b2 ; θ is arbitrary and lies in [0, 2π]. (51)
In section -5.3, we have also seen that the maximum value of Hardy’s probability for
bipartite quantum systems is same as that for the two-qubits. The proof is also briefly
presented there. It follows from the proof that the nonzero Hardy’s probability of Eq.
(37) attains its maximum iff pij(Ak, ak ; Bl, bl) (Eq.39) is maximal for every i, j such
that qij 6= 0[57].
These facts indicate that when the maximum Hardy’s probability is observed, the
state must somehow be a direct sum of copies of ψ of Eq. (50) . In [17] it has been shown
that this indeed is the case. Thus, the Hardy’s test constitute a self-testing of ψ. Self-
testing refers to the fact that some statistics predicted by quantum theory determine the
state and the measurement upto a local isometry [58, 59]. This fact has been used in a
number of device-independent information theoretic tasks by using Hardy’s correlations
[60, 61, 62]. In the following we briefly describe one such task.
8.3. Device-independent generation of random numbers
Device independent generation of random numbers is very important from a practical
point of view and so it has attracted much attention in recent years [63]. In device
independent scenario, one does not have detailed knowledge about the experimental
apparatuses and hence the experimental setup is like a black-box with inputs and
outputs. At the input probes, one can change the parameters of measurement setup and
thus can choose different measurements. The outputs are collected and the statistics is
then analyzed to check whether the Hardy’s conditions are satisfied. As we have seen
above, that the probability distributions which satisfy all the Hardy’s conditions cannot
be explained by any predictable model and therefore true randomness is associated
with it. The associated randomness is quantified by by min-entropy [64] which is a
statistical measure of the amount of randomness that a particular distribution contains.
The maximal randomness can reach up to 1.35 if the corresponding Hardy’s probability
attains its maximum value 5
√
5−11
2
[60]. This is interesting as the maximal min-entropy
of the generated randomness is about 1.23 if the output probabilities are analyzed to
see the violation of a CHSH-inequality instead. This maximum occurs when the CHSH
expression reaches its maximum (the Tsirelson bound).
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9. Hardy’s argument for temporal nonlocality
For testing the existence of superposition of macroscopically distinct quantum states,
Leggett and Garg [65] put forward the notion of macrorealism. This notion rests on
the classical paradigm [66, 67] that (i) physical properties of a macroscopic object exist
independent of the act of observation and (ii) it is possible, at least in principle, to
determine these properties, without any effect on the state itself or on its subsequent
dynamics.
These original assumptions of [65], namely the assumptions of ‘macroscopic realism’
and ‘noninvasive measurability’, have been generalized to derive a temporal version
of the Bell-CHSH inequality irrespective of whether the system under consideration
is macroscopic or not [68, 69]. Unlike the original Bell-CHSH scenario [70] where
correlations between measurement results from two distantly located physical systems
are considered, temporal Bell-CHSH inequalities (or its generalizations) are derived by
focusing on one and the same physical system and analyzing the correlations between
measurement outcomes at two different times. These derivations are based on the
following two assumptions: (i) Realism: The measurement results are determined by
(possibly hidden) properties, which the particles carry prior to and independent of
observation, and (ii) Locality in time: The result of a measurement performed at time
t2 is independent of any ideal measurement performed at some earlier or later time t1 .
These inequalities get violated in quantum mechanics and thereby give rise to the
notion of entanglement in time which has been a topic of current research interest
[68, 67, 71, 72, 74, 73, 75, 77, 78, 79]. These inequalities have been studied to
probe the similarities and differences between spatial and temporal correlations in
quantum mechanics to learn more about the relation between the structure of space and
time and the abstract formalism of quantum theory [68]. Apart from the theoretical
significance, this study also has practical implications. The correspondence between the
communication costs of the classical simulation of spatial correlations and the memory
costs in the simulation of temporal correlations can be taken as an example [68]. The
entanglement in time, has been shown to save the size of classical memory required in
certain computational problems beyond the classical limits.
Interestingly, the original argument of Hardy, which establishes the incompatibility
of quantum theory with the notion of local-realism, can also be used to reveal this time-
nonlocal feature of quantum states [71, 72, 73]. To see this we consider a single two- level
physical system on which an observer (Alice) chooses to measure one of two observables
A or A
′
at time t1, whereas at a later time t2, another observer (Bob) [80] measures
either of the two observables B and B
′
. Consider now the set of conditions (11)-(14).
The condition (14) says that if Alice chooses to measure the observable A
′
and Bob
chooses observable B
′
, he will not obtain +1 as measurement result whenever Alice has
detected the measurement value +1. The remaining conditions can be analyzed in a
similar manner. This version of Hardy’s argument makes use of the fact that not all of
the conditions (11)-(14) can be simultaneously satisfied in a time-local realistic theory,
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but they can be in quantum mechanics.
In a realistic theory, values are assigned to all the observables (whether or not they
are actually measured) in such a manner that they agree with experimental observations.
Consider a situation where a realist has been supplied with a table asking for the values
of A, A
′
, B and B
′
in several runs of a Hardy experiment. In order to satisfy the first
condition, he will have to assign +1 for A and +1 for B a few times. Out of these
few times, he cannot choose the value −1 for observable B′ since this event has zero
probability according to the condition (13). Now the second condition implies either
Prob(−1|A′) = 0 or Prob(+1|B) = 0 whenever A′ is −1. Thus the realist, will either
always assign +1 for A
′
or he will have to assign −1 for B whenever he assigns −1 for
A
′
. He is free to assign +1 or −1 for A′, but the columns of the table where he has
put +1 for B, he cannot put −1 for A′. This is because if he puts −1 for A′ , he will
have to put −1 for B which is not possible according to the assumption of nonlocality
in time. Thus his table will have columns with a few entries with +1 for all the four
observables A,A
′
, B and B
′
and thus the first condition (11) gets violated. However, all
these conditions can be satisfied in quantum theory. As an example, we write below a
state and the observables which satisfy all the conditions;
|ψ〉 =
(
0
1
)
(52)
A = B
′
=
(
0 1
1 0
)
(53)
A
′
= B =
(
1 0
0 −1
)
(54)
It can also be checked that for the above set, the nonzero probability (11) is 25% which
is also the maximum success probability of this argument for qubit systems [71, 72].
The experimental verification of the above fact followed soon after in [73]. Recently,
the temporal version of Hardy’s argument has been studied for any finite dimensional
systems [81]. Ref [81] shows the maximum of the nonzero probability appearing in the
temporal version of Hardy’s argument (37) remains 25% irrespective of the dimension
of the quantum mechanical system and the type of observables involved. For the special
case of spin measurements, for spin-1 and spin-3/2 observables, the authors of [81] have
shown that this maximum can also be achieved. They have further conjectured that
this maximum can be observed for any spin system.
10. conclusion
In conclusion, we have reviewed the Hardy’s argument and its various generalizations
which reveals the nonlocal features of quantum states. We have also discussed a
few information theoretic tasks which make use of this argument for their successful
completions.
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